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Abstract
We analyze the fast-moving string in the magnetic Melvin field background and find that the
associated effective Lagrangian of string sigma model describes the spin chain model with
external magnetic field. The spin vector in the spin chain has been properly deformed and
is living on the deformed two-sphere or deformed two-dimensional hyperboloid, depending
on the direction around which the string is spinning. We describe in detail the characters of
spin deformation and, in particular, see that this is a general property for a string moving
in a class of deformed background.
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1 Introduction
In a recent paper [1] the continuum limit of the SU(2) Heisenberg spin chain was shown to
reproduce the action describing string rotating with large angular momentum in S3. This
result establishes the relation of the integrable spin chain system to the string non-linear
sigma model and thus provides a very powerful tool for analyzing the integrable structures
that arise on both sides of the correspondence as well as for improving our understanding
of the AdS/CFT correspondence [2]. The generalization to the compact SU(3) spin chain
that dual to strings rotating in S5 was worked out in [3]. The paper [4] had shown a match
of the noncompact SL(2) spin chain sigma model to the string spinning on S1φ × S
1
ϕ with
S1φ ∈ AdS5 and S
1
ϕ ∈ S
5,
The powerful method of the Bethe ansatz on the spin system encourages us to estab-
lish the correspondence between the classical string state and spin system. Therefore it is
interesting to see how the correspondence could be found in the more general background,
especially, those with less supersymmetry from the point of view of phenomena. The inter-
esting paper [5] had shown a match of the anisotropic XXZ spin chain sigma model to the
string spinning on the less supersymmetry of β-deformation Lunin-Maldacena background
[6], which related to N = 1 β deformed SYM.
Historically, a simple mechanism to break the supersymmetry is to introduce the magnetic
field as proposed by Bachas [7]. This is because that the magnetic fields couple differently to
particles of different spins they naturally break supersymmetry. Therefore it is instructive to
investigate the correspondence between the spin chain and spinning string in the magnetic
field background. As the AdS/CFT and AdS/Spin-chain correspondence is established in
the AdS5 × S
5 spacetime the spacetime we considered will be the magnetic field deformed
AdSm × S
n, which has been constructed by us in [8] and [9].
In the this paper we will follow the methods of [1,4] to analyze the spinning string in the
magnetic field deformed AdS5 × S
5. In section II we will see that the associated effective
Lagrangian of string sigma model describes the spin chain model with magnetic field. The
spin vector in the spin chain has been properly deformed and is living on the deformed
S2. Especially, We discuss in detail the characters of spin deformation and show that the
spin deformations are the general property in a class of deformed spacetime. In section III
we investigate the same problem while with the spin vector living on the deformed two-
dimensional hyperboloid. The last section is devoted to discussion.
Note that there are papers treating string backgrounds with non-trivial magnetic field
[11], however, the spacetimes do not behave as a deformed AdS5 × S
5 it could not repro-
duce a corresponding spin chain model. In the recent papers [5,12] the cases of non-trivial
deformations of the AdS5 × S
5 are considered where the Bethe equations are also obtained.
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2 Deformed SU(2) Spin Chain and Spinning String in
Magnetic Field Deformed background
The relevant part of the metric in the coordinate we used is described as
ds2 = −A(ψ)dt2 +B(ψ)dψ2 + C(ψ)dφ21 +D(ψ)dφ
2
2. (2.1)
For the magnetic field deformed AdS5 × S
5 spacetime which is found in our previous paper
[8] the functions in (2.1) are
A(ψ) = B(ψ) =
√
1 +B20 cos
2 ψ, C(ψ) =
cos2 ψ√
1 +B20 cos
2 ψ
, D(ψ) =
√
1 +B20 cos
2 ψ sin2 ψ,
(2.2)
respectively. To find the string sigma model of the spinning string we will following the
method of [1]. First, making a change of coordinate φ1 = ϕ1 + ϕ2 and φ2 = ϕ1 − ϕ2 and
using a replacing ϕ1 → t+ ϕ1, then the line element (2.1) becomes
ds2 = −(A− C −D)dt2 +Bdψ2 + (C +D)(dϕ21 + dϕ
2
2) + 2(C −D)dϕ1dϕ2
+2(C +D)dtdϕ1 + 2(C −D)dtdϕ2. (2.3)
In considering a rapidly spinning string we can let t→ κτ in which
κ→∞, ∂tX
µ → 0, with κ∂tX
µ → finite. (2.4)
Then the associated Lagrangian could be approximated as a simple form
L ≡ Gµν∂tX
µ∂tX
ν −Gµν∂σX
µ∂σX
ν ≈ −(A− C −D)− B(∂σψ)
2
−(C +D)((∂σϕ1)
2 + (∂σϕ2)
2)− 2(C −D)(∂σϕ1 ∂σϕ2), (2.5)
A useful Virasoro condition becomes
0 = Gµν∂σX
µ∂tX
ν
≈ (C +D) ∂σϕ1 + (C −D) ∂σϕ2. (2.6)
Using (2.6) the Lagrangian (2.5) becomes
L = −(A− C −D)−B(∂σψ)
2 −
4CD
C +D
(∂σϕ2)
2. (2.7)
In (2.5) we have neglected the terms of ϕ˙1 and ϕ˙2 as they are irrelevant to the static spin chain
model which we are considering for a simplicity. Another Virasoro condition Gµν∂tX
µ∂tX
ν+
Gµν∂σX
µ∂σX
ν will just determine ϕ1 as a function of σ and τ and is irrelevant to our
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investigations, as that in [1]. Using the angular relations ψ = 1
2
θ and ϕ2 =
1
2
φ [1] the above
Lagrangian becomes
L = − [A(θ)− C(θ)−D(θ)]−
1
4
B(θ)(∂σθ)
2 −
C(θ)D(θ)
C(θ) +D(θ)
(∂σφ)
2. (2.8)
Our next work is to find a spin chain Hamiltonian which is described by the string sigma
model of the Lagrangian (2.8). First, we will define the spin vector ~n as
~n = (nx, ny, nz) =


√√√√ 4C(θ)D(θ)
C(θ) +D(θ)
cosφ,
√√√√ 4C(θ)D(θ)
C(θ) +D(θ)
sinφ, F (θ)

 . (2.9)
Then, for the Hamiltonian term ∼ ∂σ~n · ∂σ~n to reproduce the derivative terms of (2.8) it is
easy to see that the following relation shall be satisfied.

∂θ


√√√√ 4C(θ)D(θ)
C(θ) +D(θ)




2
+ (∂θF (θ))
2 =
B(θ)
4
. (2.10)
Thus we conclude that solving (2.10) and substituting the function F (θ) into (2.9) the
Hamiltonian term ∼ ∂σ~n · ∂σ~n could reproduce the derivative terms of (2.8). Note that as
the first term in (2.8) does not contain derivation it could be read as an energy from the
external magnetic field or from a site interaction. Also, in general, the spin vector of (2.9)
could not satisfies the relation ~n ·~n = 1, it therefore describes a deformed spin in the general
background (2.1).
However, one does not be able to solve (2.10) in the general background. Even for the
simple spacetime of (2.2) the function F (θ) could not be found exactly. We will therefore
consider the spacetime with a small Melvin B0 field. In this case the spin vector becomes
nx ≈
(
1 +
B20
8
(cos θ + cos2 θ)
)
sin θ cos φ, (2.11a)
ny ≈
(
1 +
B20
8
(cos θ + cos2 θ)
)
sin θ sinφ, (2.11b)
nz ≈
(
1 +
B20
8
(1 + cos θ + cos2 θ)
)
cos θ, (2.11c)
and energy from external magnetic field is
[A(θ)− C(θ)−D(θ)] ∼ B20 (1 + 2 cos θ + cos
2 θ) ≈ B20 (1 + 2nz + n
2
z). (2.12)
Thus the corresponding spin chain model is described by a Hamiltonian
H ∼ ∂σ~n · ∂σ~n+B
2
0 (1 + 2nz + n
2
z). (2.13)
4
in which the deformed spin vector is described by (2.11). Note that the term which is
proportional to nz is a dipole type interaction and that is proportional to n
2
z is a quadrupole
type interaction.
The spin vector in the SU(2) theory [1] is living on S2 of SU(2) while that in the SL(2)
theory [4] is living on hyperboloid of SL(2). Our spin vector described in (2.11) is living
on deformed S2 of SU(2) as can be seen after plotting the spin vector (2.11) in three di-
mensional space. For a clear illustration we show in figure 1 the φ = 0 section of deformed S2.
X
Z
Figure 1. The deformed S2 on which the spin is living. The dashed line is a circle on which
the spin is living for the undeformed theory. The solid line plots the φ = 0 section of de-
formed S2 on which the spin is living.
Finally, let us consider the effect of EM vector potential Aφ1 =
B0 cos2 ψ
2(1+B2
0
cos2 ψ)
, which is shown
in the Melvin field deformed spacetimes [8]. The corresponding action is known to be
SA ∼
∫
dσ∂ψAφ1 (∂σψ∂tφ1 − ∂tψ∂σφ1) ≈
∫
dσ∂ψAφ1∂σψ =
∫
dσ∂σAφ1 = 0, (2.14)
in which we consider the rapidly spinning string and as the string is closed, Aφ1 is a periodic
function of σ which implies that the above action is zero.
In conclusion, the spin chain Hamiltonian (2.13) with the deformed SU(2) spin described
in (2.11) corresponds to the rapidly spinning string in the magnetic Melvin field deformed
background (2.2).
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3 Deformed SL(2) Spin Chain and Spinning String in
Magnetic Field Deformed Background
The relevant part of the metric in the coordinate we used is described as
ds2 = −A(ρ0)dt
2 +B(ρ0)dρ
2
0 + C(ρ0)dφ
2
1 +D(ρ0)dϕ
2
3. (3.1)
For the magnetic field deformed AdS5 × S
4 spacetime which is found in our previous paper
[9] the functions in (2.1) are D(ρ0) = 1 and
A(ρ0) = cosh
2 ρ0
√
1 +B20 sinh
2 ρ0, B(ρ0) =
√
1 +B20 sinh
2 ρ0, C(ρ0) =
sinh2 ρ0√
1 +B20 sinh
2 ρ0
,
(3.2)
respectively. To find the string sigma model of the spinning string we will following the
method of [4]. First, making a change of coordinate
φ1 = φ+ t, ϕ3 = ϕ+ t, ρ0 = ρ/2, (3.3)
and in considering a rapidly spinning string we let t→ κτ in which
κ→∞, ∂tX
µ → 0, with κ∂tX
µ → finite. (3.4)
Then the associated Lagrangian could be approximated as a simple form
L ≈ −(A− C −D)−
B
4
(∂σρ)
2 − C(∂σφ)
2 −D(∂σϕ)
2. (3.5)
A useful Virasoro condition becomes
0 ≈ C ∂σφ+D∂σϕ. (3.6)
Using (3.6) the Lagrangian (3.5) becomes
L = −(A− C −D)−
B
4
(∂σρ)
2 −
(
C +
C2
D
)
(∂σφ)
2. (3.7)
In (3.5) we have neglected the terms of ϕ˙1 and ϕ˙2 as they are irrelevant to the static spin chain
model which we are considering for a simplicity. As before, the another Virasoro condition
will just determine ϕ as a function of σ and τ and is irrelevant to our investigations.
Our next work is to find a spin chain Hamiltonian which is described by the string sigma
model of the Lagrangian (3.7). First, we will define the spin vector ~n as
~n = (nx, ny, nz) =


√
C +
C2
D
sinφ,
√
C +
C2
D
cosφ, F (ρ)

 . (3.8)
6
Then, for the Hamiltonian term ∼ ∂σ~n · ∂σ~n to reproduce the derivative terms of (3.7) it is
easy to see that the following relation shall be satisfied.

∂ρ

C(ρ) +
√√√√C(ρ)2
D(ρ)




2
+ (∂ρF (ρ))
2 =
B(ρ)
4
. (3.9)
Thus we conclude that solving (3.9) and substituting the function F (ρ) into (3.8) the Hamil-
tonian term ∼ ∂σ~n · ∂σ~n could reproduce the derivative terms of (3.7). Note that as the first
term in (3.7) does not contain derivation it could be read as an energy from the external
magnetic field or from a site interaction. Also, in general, the spin vector of (3.8) could not
satisfies the hyperbolic relation n2z − n
2
x − n
2
y = 1, it therefore describes a deformed SL(2)
spin in the general background (3.1).
However, one does not be able to solve (3.9) in the general background. Even for the
simple spacetime of (3.2) the function F (ρ) could not be found exactly. We will therefore
consider the spacetime with a small Melvin B0 field. In this case the spin vector becomes
nx ≈
(
sinh ρ− B20 sinh
4 ρ
2
coth ρ
)
cosφ, (3.10a)
ny ≈
(
sinh ρ−B20 sinh
4 ρ
2
coth ρ
)
sin φ, (3.10b)
nz ≈ cosh ρ+
B20
32
(−24ℓn(1 + cosh ρ) + (8 + 7 cosh ρ
+2 cosh 2ρ− cosh 3ρ) sech2
ρ
2
)
, (3.10c)
and energy from external magnetic field is
[A(θ)− C(θ)−D(θ)] ∼ B20 (cosh ρ− cosh
2 ρ) ≈ B20 (nz − n
2
z). (3.11)
Thus the corresponding spin chain model is described by a Hamiltonian
H ∼ ∂σ~n · ∂σ~n+B
2
0 (nz − n
2
z). (3.12)
in which the deformed spin vector is described by (3.10). Note that the term which is
proportional to nz is a dipole type interaction and that is proportional to n
2
z is a quadrupole
type interaction.
The spin vector described in (3.10) is living on the deformed two-dimensional hyperboloid
of SL(2) as can be seen after plotting the spin vector (3.10) in three dimensional space. For
a clear illustration we show in figure 2 the φ = 0 section of deformed SL(2).
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Figure 2. The deformed two-dimensional hyperboloid on which the spin is living. The dashed
line is an undeformed hyperboloid on which the spin is living for the undeformed theory. The
solid line plots the φ = 0 section of deformed hyperboloid on which the spin is living.
Finally, let us consider the effect of EM vector potential Aφ1 =
B0 sinh
2 ρ0
2(1+B2
0
sinh2 ρ)
, which is shown
in the Melvin field deformed spacetimes [9]. Then, like those analyses in the previous section,
in considering the rapidly spinning string as the string is closed, Aφ1 is a periodic function
of σ which implies that the corresponding part in the action is zero.
In conclusion, the spin chain Hamiltonian (3.12) with the deformed SL(2) spin described
in (3.10) corresponds to the rapidly spinning string in the magnetic Melvin field background
(3.2).
4 Conclusion
The powerful method of the Bethe ansatz on the spin system encourages us to establish
the correspondence between the classical string state and spin system. The paper [1] had
shown that the continuum limit of the SU(2) Heisenberg spin chain reproduces the action
describing string rotating with large angular momentum in S3. The generalization to the
compact SU(3) spin chain and noncompact SL(2) spin chain sigma model had also be
analyzed in [3,4].
It is interesting to see how the mechanism of the correspondence could be found in
the more general background, especially, those with less supersymmetry from the point of
view of phenomena. The interesting paper [5] had showed a match of the anisotropic XXZ
spin chain sigma model to the string spinning on the less supersymmetry of β-deformation
Lunin-Maldacena background [6], which related to N = 1 β deformed SYM. In this paper
we consider the spinning string in the less supersymmetric spacetime of the magnetic Melvin
field deformed AdS×S background [8,9] to see how the deformation will affect the AdS/spin-
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chain correspondence.
We follow the analyses of [1] and [4] to investigate the fast-moving string in the magnetic
Melvin background and find that the string rotating with large angular momentum in the
deformed background reproduces the spin chain model with external magnetic field. We
have shown that the SU(2) or SL(2) spin vector in the corresponding spin chain has been
properly deformed and is living on the deformed two-sphere or deformed two-dimensional
hyperboloid, depending on the direction around which the string is spinning. We describe in
detail the characters of spin deformation and have seen that the behavior of spin deformation
is a general property in a class of deformed spacetime.
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